We present and study a Markov property, named C-Markov, adapted to processes indexed by a general collection of sets. This new definition fulfils one important expectation for a set-indexed Markov property: there exists a natural generalization of the concept of transition operator which leads to characterization and construction theorems of C-Markov processes. Several usual Markovian notions, including Feller and strong Markov properties, are also developed in this framework. Actually, the C-Markov property turns out to be a natural extension of the two-parameter * -Markov property to the multiparameter and the set-indexed settings. Moreover, extending a classic result of the real-parameter Markov theory, sample paths of multiparameter C-Feller processes are proved to be almost surely right-continuous. Concepts and results presented in this study are illustrated with various examples.
Introduction
The Markov property is a central concept of the classic theory of real-parameter stochastic processes. Its extension to processes indexed by a partially ordered collection is a non-trivial problem and multiple attempts exist in the literature to obtain a satisfactory definition. This question has been first investigated by Lévy [32] who introduced the sharp Markov property for two-parameter processes: a process (X t ) t∈ [0, 1] 2 is said to be sharp Markov with respect to a set A ⊂ [0, 1] 2 if the σ-fields F A and F A c are conditionally independent given F ∂A , where for any V ⊂ [0, 1] 2 , F V := σ({X t ; t ∈ V }). Russo [42] proved that processes with independent increments are sharp Markov with respect to any finite unions of rectangles. Later, Dalang and Walsh [12, 13] characterized entirely the collection of sets with respect to which processes with independent increments are sharp Markov.
Since the Brownian sheet was known not to satisfy this property with respect to simple sets (e.g. triangle with vertices (0, 0), (0, 1) and (1, 0)), McKean [36] has introduced a weaker Markov property called germ-Markov. Similarly to the sharp Markov property, a process is said to be germ-Markov with respect to a set A ⊂ [0, 1] 2 if F A and F A c are conditionally independent given G ∂A := ∩ V F V , where the intersection is taken over all open sets V containing ∂A. As shown by Russo [42] , the Brownian sheet turns out to be germ-Markov with respect to any open set.
In the present work, we suggest a different approach, named C-Markov, for the introduction of a set-indexed Markov property. Our main goal is to obtain a natural definition of the transition probabilities which leads to satisfactory characterization and construction theorems. As later presented in Section 3, this new set-indexed Markov property also appears to be a natural extension of some existing multiparameter Markov properties.
To introduce the definition of C-Markov processes, let us first recall the notations used in the set-indexed formalism. Throughout, we consider set-indexed processes X = {X A ; A ∈ A}, where the indexing collection A is made up of compact subsets of a locally compact metric space T . Moreover, A is assumed to satisfy the following conditions: For the sake of readability, we restrict the assumptions on A to those required for the development of the C-Markov approach. Supplementary properties such as separability from above will be added later when necessary. The complete definition of an indexing collection can be found in the work of Ivanoff and Merzbach [26] .
Several examples of indexing collection have been presented in the literature (see e.g. [26, 5, 20] ). Among them, let us mention:
• rectangles of R • branches of a tree T parametrized by G T ⊂ ∪ n∈N (N * ) n : A = G T , endowed with the usual intersection on tree structures. Note that A is a discrete indexing collection.
More complex indexing collections can be obtained by considering the Cartesian product of simpler ones. This construction procedure is described more thoroughly in Section 2.5.
The notations A(u) and C respectively refer to the class of finite unions of sets from A and to the collection of increments C = A \ B, where A ∈ A and B ∈ A(u). As mentioned in [26] , the assumption Shape on A implies the existence of a unique extremal representation {A i } 1≤i≤k of every B ∈ A(u), i.e. such that B = ∪ k i=1 A i and for every i = j, A i A j . Hence, from now on, to any increment C ∈ C is associated the unique A ∈ A and B = ∪ 
, . . . , x U p C
). Lastly, for any set-indexed filtration F = {F A ; A ∈ A}, collections (F B ) B∈A(u) and (G * C ) C∈C are respectively defined as The family (G * C ) C∈C is usually called the strong history. Note that these filtrations do not necessarily satisfy any outer-continuity property, on the contrary to the augmented filtrations defined later.
We can now present the set-indexed increment Markov property, abbreviated C-Markov property (C denoting the class of increment sets) which is studied in the present work.
and f is a bounded measurable function. This notion happens to properly suit the C-Markov property. Indeed, our main result (Theorems 2.1 and 2.2 in Section 2.1) states that the initial law of X ∅ ′ and the transition probabilities naturally deduced from a C-Markov process form a C-transition system which characterizes entirely the finite-dimensional distributions. Moreover, given an initial measure ν and C-transition system P, we state that a corresponding C-Markov process can be constructed on the canonical space.
As presented in Section 2.2, the C-Markov property has connections with the set-indexed Markovian literature, especially the work of Ivanoff and Merzbach [27] . However, we note there that it clearly differs from the Q-Markov approach of Balan and Ivanoff [5] .
C-Markov processes appear to satisfy several interesting properties (Sections 2.3 and 2.4). Theorem 2.3 proves that the natural filtration of C-Markov process displays a conditional independence property. Moreover, classic simple and strong Markov properties can be extended to the C-Markov formalism (Theorems 2.4 and 2.6) under an homogeneity assumption on the C-transition system, and for the latter, with the help of the notion of C-Feller processes. To illustrate these different concepts, several examples are given in Section 2.5, including an overview of set-indexed Lévy processes and the construction of a set-indexed SαS OrnsteinUhlenbeck process.
Finally, Section 3 is devoted to the specific properties satisfied by multiparameter C-Markov processes. Specifically, Theorem 3.1 states that multiparameter C-Feller processes have a rightcontinuous modification which is C-Markov with respect to the augmented filtration. Connections with the multiparameter Markovian literature are also investigated, especially with the two-parameter * -Markov property and the recent multiparameter developments presented by Khoshnevisan [28] . Several examples of common multiparameter C-Markov processes are given at the end of the section.
Set-indexed C-Markov property
We begin this section with a few observations and remarks.
In this work are considered E-valued set-indexed processes X = {X A ; A ∈ A}, where (E, d E ) is a locally compact separable metric space endowed with the Borel sigma-algebra E.
, then the assumption shape on the indexing collection allows to define the extension ∆X of X on the classes A(u) and C. It is given by the following inclusion-exclusion formulas:
Due to Lemma 3.4 by Ivanoff and Merzbach [27] and using the notations previously introduced, we observe that the previous formulas can be equivalently written as follows:
where (−1) εi corresponds the sign in front of X U i C in the inclusion-exclusion formula. In other words, Equation (2.1) states that every term X V such that V / ∈ A C is cancelled by another element in the inclusion-exclusion formula.
In consequence, we note that Definition 1.1 can be equivalently written as follows: an R dvalued set-indexed process X is C-Markov with respect to (F A ) A∈A if for all C ∈ C and any measurable function f :
Indeed, owing to Equation (2.1), ∆X B is measurable with respect to G * C and σ(X C ), and therefore, the equality X A = ∆X C + ∆X B and classic properties of the conditional expectation imply the equivalence of the two definitions.
Finally, let us recall that the natural filtration of a set-indexed process X is defined by
Filtrations are always supposed to be complete. Based on Definition 1.1, we observe that any C-Markov process is always C-Markov with respect to its natural filtration.
C-transition system: characterization and construction results
In the light of Definition 1.1 of C-Markov processes, there is a natural way to introduced the concept of C-transition system.
Definition 2.1 (C-transition system).
A collection P = {P C (x C ; dx A ); C ∈ C} is called a C-transition system if it satisfies the following properties:
1. for all C ∈ C, P C (x C ; dx A ) is a transition probability, i.e. for all x C ∈ E |AC | , P C (x C ; · ) is a probability measure on (E, E) and for all Γ ∈ E, P C ( · ; Γ) is a measurable function; 2. for all x ∈ E and Γ ∈ E, P ∅ (x; Γ) = δ x (Γ);
for all C ∈ C and any
Then, P satisfies a Chapman-Kolmogorov like equation:
for all 1. for all s, t ∈ R 2 + , P s,t (x; dy) is a transition probability;
2. for all s ∈ R + , P s,s (x, dy) = δ x (dy); 3. for all s < s ′ < t ∈ R + , x ∈ E and Γ ∈ E, P satisfies P s,t (x; Γ) = E P s,s ′ (x; dy) P s ′ ,t (y; Γ) (using previous notations,
Proposition 2.4 proves that Definition 2.1 of a C-transition systems is coherent with the C-Markov property. Proposition 2.4. Let (Ω, F , (F A ) A∈A , P) be a complete probability space and X be a C-Markov process w.r.t. (F A ) A∈A . For all C = A \ B ∈ C, define P C (x C ; dy) as follows:
Then, the collection P = {P C (x C ; dy); C ∈ C} is a C-transition system.
Proof. Let us verify the different points of Definition 2.1.
1.
Clearly, for any C = A \ B ∈ C, P C (x C ; dx A ) is a transition probability.
2.
The equality P ∅ (x; dy) = δ x (dy) holds since, G * ∅ = ∨ V ∈A F V and therefore, for any f bounded measurable function and any
and thus, for any Γ ∈ E,
. Hence, for any positive measurable function h,
, we observe that X A ′ is the only term in the vector X C ′′ which is not G * C -measurable. Therefore, using a monotone class argument, Equations (2.3) and (2.4) lead to the expected equality.
The next two theorems gather the main result of this section: for any C-Markov process, its initial distribution and its C-transition system characterize entirely the law of the process. Conversely, from any probability measure and any C-transition system, a corresponding canonical C-Markov process can be constructed. To our knowledge, such a result does not exist for other set-indexed Markov properties, or at least require some tricky technical assumption in the case of Q-Markov. Theorem 2.1. Let (Ω, F , (F A ) A∈A , P) be a complete probability space and X be a C-Markov process w.r.t.
Then, the initial distribution ν (i.e. the law of X ∅ ′ ) and the C-transition system P = {P C (x C ; dx A ); C ∈ C} of the process X characterize entirely its law.
Proof. We have to express the finite-dimensional distributions of X in terms of ν and P.
Let 
Then, if we consider the law of (X A1 , . . . , X A k ), we observe that
using a monotone class argument and the G * C k -measurability of the vector (X A1 , . . . , X A k−1 ). Therefore, by induction,
To obtain the construction theorem, we need the following technical lemma.
Lemma 2.5. Consider a C-transition system P = {P C (x C ; dx A ); C ∈ C} and two semilattices 
Then, for all x ∈ E and any positive measurable function f : E n1 → R + , P satisfies
We note that since
where j i ∈ {1, . . . , n 2 }, ensuring the consistency of the second term in Equation (2.5).
Proof.
We proceed by induction on n 2 . Let k ∈ {1, . . . , n 2 } be the highest index such that A
We observe that A 2 ′ is semilattice, since otherwise, we would have A 2 k ∈ A 1 . We consider two different cases.
Suppose first that for every
. Then, we know that for any i ∈ {1, . . . , n 2 } \ {k}, the term x 
Assume now that there exist
Furthermore, we note that {A and thus, our problem is reduced to the computation of the sub-
; Γ), where Γ ∈ E.
Therefore, owing to the Chapman-Kolmogorov Equation (2.2),
; Γ).
Finally, if we insert the previous formula in Equation ( 2.5), we obtain an integral which also corresponds to the case of the semilattice A 2 ′ .
In both cases, the right-integral is simplified into a formula corresponding to the case of the semilattice
Hence, by induction on the size of A 2 , we obtain Equation (2.5).
We are now able to prove that a canonical C-Markov process can be constructed from any initial probability measure and any C-transition system.
In the following proposition, Ω designates the canonical space E A endowed with its usual σ-field F generated by coordinate applications. X denotes the canonical process, i.e. for all A ∈ A and all ω ∈ Ω, X A (ω) = ω(A) and (F A ) A∈A is its natural filtration (as defined at the beginning of this section). Theorem 2.2. Let P = {P C (x C ; dx A ); C ∈ C} be a C-transition system and ν be a probability measure ν on (E, E).
Then, there exists a unique probability measure P ν on (Ω, F ) such that X is a C-Markov process w.r.t. (F A ) A∈A and whose initial measure and C-transition system are ν and P, respectively:
Proof. To construct the measure P ν , we need to define for any A 1 , . . . , A k ∈ A a probability measure µ A1...A k on (E k , E ⊗k ) such that this family of probabilities satisfies the usual consistency conditions of Kolmogorov's extension theorem. Let A 1 , . . . , A k be k distinct sets in A and π be a permutation on {1, . . . , k}. Then,
1.
where
, j i ∈ {1, . . . , m}. Moreover, the formula above does not depend on the numbering of A ′ , since neither C i nor x Ci , i ∈ {1, . . . , m}, are changed with a different consistent ordering. These two remarks ensure that the previous definition is consistent.
Consider now the first consistency condition that must satisfy
Hence, since the definition of µ A1...A k does not depend on the ordering of the semilattice A ′ , Equation (2.6) is verified. In order to check the second consistency condition, let A 1 , . . . , A k+1 be k + 1 distinct sets in
n2 } be the two semilattices generated by {A 1 , . . . , A k } and {A 1 , . . . , A k , A k+1 }, respectively. We clearly have A 1 ⊆ A 2 . Let finally f : E n1 → R + be a positive measurable function defined as follows:
The definition of f is consistent since {A 1 , . . . , A k } ⊆ A 1 . Furthermore, if we apply Lemma 2.5 to A 1 and A 2 , we obtain
which exactly corresponds to the second consistency Equation (2.7). Therefore, using Kolmogorov's extension theorem (see e.g. Appendix A in [28] ), there exists a probability measure P ν on (Ω, F ) such that for all A 1 , . . . , A k in A and Γ 1 , . . . , Γ k in E,
where X designates the canonical process. A usual monotone class argument ensures the uniqueness of this probability measure.
Our last point in this proof is to ensure that under P ν , X is a C-Markov process w.r.t. (F A ) A∈A whose initial measure and C-transition system are ν and P. The first point is clear, since for any
Without any loss of generality, we may assume that
The integral over x A does not depend on the other terms, and is equal to
A monotone class argument allows to conclude the proof of the C-Markov property, i.e. P ν (X A ∈ Γ | G * C ) = P C (X C ; Γ) P ν -almost surely for all C ∈ C and Γ ∈ E. Common notations P x ( . ) and E x [ . ] are used later in the case of Dirac initial distributions ν = δ x , x ∈ E. Similarly to the classic Markov theory, if Z is a bounded random variable on the probability space (Ω, F , P), a monotone class argument shows that the map x → E x [Z] is measurable and for any probability measure ν on (E, E),
Set-indexed Markov properties
As outlined in the introduction, several set-indexed Markov properties have already been investigated in the literature. Hence, it seems natural to wonder if the C-Markov property is related to some of them.
To begin with, let us recall the definitions of the Markov and sharp Markov properties presented by Ivanoff and Merzbach [27] .
Definition 2.6 (Markov SI processes [27]). A set-indexed process X is said to be Markov if for all B ∈ A(u) and all
Definition 2.7 (sharp Markov processes [27]). A set-indexed process X is said to be sharp Markov if for all
where F B c is defined as the σ-field σ {X A ; A ∈ A, A B} . We recall that for any σ-fields
We may also compare our definition to the set-Markov property introduced by Balan and Ivanoff [5] and deeply studied in both [5] and [4] .
Definition 2.8 (set-Markov processes [5]). A set-indexed process X is said to be set-Markov if for all B, B
′ ∈ A(u), B ⊆ B ′ and for any measurable function f :
It has been proved in [27, 5] that the aforementioned Markov properties satisfy the following implications:
The latter is an equivalence when the filtration verifies an assumption of conditional orthogonality (see Definition 2.3 in [27] for more details). Proposition 2.9. Let (Ω, F , (F A ) A∈A , P) be a complete probability space and X be a C-Markov process with respect to (F A ) A∈A .
Then, X is also a Markov and a Sharp Markov process.
Since the Markov property implies Sharp Markov, we only have to prove that X is Markov.
Without any loss of generality, we may assume that the consistent numbering of A ′ is such that
where we assume that A ′ m = A k . Hence, we obtain by induction
Due to the definition of p and as
• . Hence, X U is F ∂B -measurable. As we integrate over the variables
in Equation (2.9), the only random variables
Ai .
An interesting discussion lies in the comparison between the set-Markov and C-Markov properties. We first observe that they both satisfy a few basic features which may be expected from any set-indexed Markov definition: they imply the sharp-Markov property and processes with independent increments (see Example 2.1) are both C-Markov and set-Markov. Nevertheless, one might quickly notice that they are not equivalent. Indeed, if we simply consider the empirical process X A = n i=1 1 {Zj ∈A} , where (Z i ) i≤n are i.i.d. random variables, we know from [5] that X is set-Markov whereas a simple calculus shows that it is not C-Markov. Conversely, the setindexed SαS Ornstein-Uhlenbeck process presented later is a C-Markov process which is not set-Markov (see Section 2.5).
The C-Markov and set-Markov properties can be seen as two consistent ways to present a setindexed Markov property leading to the definition of a transition system, P and Q respectively, which characterizes entirely the finite-dimensional distributions. If both P and Q satisfy a Chapman-Kolmogorov like equation,
an important difference lies in the indexing family used. On the one hand, P = {P C (x C ; dx A ); C ∈ C} considers variables indexed by A, whereas on the other hand,
as indexing collection. In fact, as stated in [5] , the Q-Markov property is defined on the global extension ∆X on the collection A(u). This strong feature explains why a supplementary assumption is needed on the transition system (Theorem 1 in [5] ), to ensure the existence of ∆X. More precisely, the construction of Q-Markov process requires that the integral
is independent of the numbering of A ′ , for any semilattice A ′ = {A 0 , . . . , A m }. Note that this last assumption is not necessary when Q is homogeneous in a certain sense (see the work of Herbin and Merzbach [22] ).
On the other hand, the C-Markov property adopts a different approach. The indexing collection is assumed to satisfy the Shape assumption so that any set-indexed process is well-defined on A(u) and the definition of a C-Markov process makes sense (in particular the random vector X C , C ∈ C, exists). This hypothesis is not necessary if one only considers processes with independent increments, such as the set-indexed Lévy processes, since these are independently random scattered measures (see [22] for more details on IRSM). Nevertheless, one can easily check that this Shape assumption is required to define some other classes of C-Markov processes, such as the set-indexed Ornstein-Uhlenbeck processes presented in Section 2.5.
One might also wonder why, on the contrary to the set-Markov property and some other set-indexed references, we assume that ∅ / ∈ A. The explanation lies in the characterization and construction Theorems 2.1 and 2.2. If we assume that ∅ ∈ A, we observe that A ⊂ C, and in particular ∅ ′ ∈ C. Thereby, the transition system P incorporates the transition probability
But since X ∅ = 0 is always assumed (simply for consistency), we observe that the measure P ∅ ′ (x ∅ , dx ∅ ′ ) in fact corresponds to the law of X ∅ ′ . This statement clearly contradicts our will to separate in Theorems 2.1 and 2.2 the initial distribution ν of a process from its transition system P.
To end this section, let us finally note that when branches of a tree form the indexing collection (as presented in the introduction), C-Markov processes are in fact Markov chains indexed by trees, as defined in the seminal article of Benjamini and Peres [8] (see also the recent work of Durand [16] ).
Features of C-Markov processes
Following the definition of a set-indexed Markov property, several simple and natural questions arise. Among them, we study in this section the projections of C-Markov processes on flows, conditional independence of filtrations and homogeneity of transition probabilities.
To begin with, let us recall that an elementary flow is a continuous increasing function
As we might expect, the elementary projections of C-Markov processes happen to be oneparameter Markov processes. 
where P is the C-transition system of X.
Proof. We simply check that X f is a Markov process with the expected transition probabilities. Let f be an elementary flow and s ≤ t be in [a, b] . Note that F f (s) ⊆ G * f (t)\f (s) and A f (t)\f (s) = {f (s)}. Then, for any Γ ∈ E, The conditional independence of filtrations is an important property in the theory of multiparameter processes. Also named commuting property or (F4), it has first been introduced by Cairoli and Walsh [10] for two-parameter processes and recently extended to the set-indexed formalism by Ivanoff and Merzbach [26] . 
Proof. Let U, V ∈ A. If U ⊆ V or V ⊆ U , the equality is straight-forward. Hence, we suppose throughout that U V and V U . Using a monotone class argument, we only need to prove that
for every k ∈ N, any A 1 , . . . , A k ∈ A and any f 1 , . . . , f k : E → R + measurable functions. Without any loss of generality, we assume that
. . , A k } is a semilattice with a consistent numbering and which contains the sets U , V and U ∩ V . We denote as usually
, the C-Markov property induces
Therefore, by induction,
Every random variable X Ai left in the previous integral is such that A i ⊆ V , and thus is
Therefore, F U ⊆ G * Ci and we obtain
In the next theorem, we investigate the extension of the simple Markov property to the CMarkov formalism. In order to introduce the concept of homogeneous C-transition system, we suppose that there exists a collection of shift operators (θ U ) U∈A on A which satisfies:
is an increasing monotone outer-continuous function with
For all U ∈ A, the operator θ U is extended on A(u) and C in the following way:
To illustrate this notion, let simply consider the multiparameter setting A = {[0, t] : t ∈ R N + }. In this framework, the natural family (θ u ) u∈T of shift operators corresponds to the usual translation on R N + , i.e.
One can easily verify that (θ u ) u∈R N + satisfy the previous conditions. Definition 2.11 (Homogeneous C-transition system). A C-transition system P is said to be homogeneous with respect to (θ U ) U∈A if it satisfies
A C-Markov process is said to be homogeneous w.r.t (θ U ) U∈A if its C-transition system is itself homogeneous.
We can now establish a set-indexed simple C-Markov property. In the following theorem, Ω and X refer to the canonical space E A and the canonical process X A (ω) = ω(A), respectively.
Theorem 2.4 (Simple C-Markov property).
Let P be an homogeneous C-transition system w.r.t (θ U ) U∈A . Then, the canonical C-Markov process X satisfies
for any U ∈ A, any measurable function f : E A → R + and any initial measure ν.
Without any loss of generality, we can suppose that 
as P is homogeneous and
A monotone class argument allows to conclude the proof.
C-Feller processes
The Feller property plays a major role in the classic theory of Markov processes, motivating its introduction into the C-Markov formalism. For this purpose, we need to reinforce the assumptions on the indexing collection A, so that a pseudo-metric can be defined on the latter and on the class of increments C. 
ii) g n preserves arbitrary intersections and finite unions; (iii) for any
where d H denotes the Hausdorff distance between two sets.
The family (g n ) n∈N plays a role similar to the dyadic rational numbers in R N . Note that the previous definition is slightly stronger than the usual one presented by Ivanoff and Merzbach [26] , since every g n is supposed to be A n -valued, and not A n (u). For any filtration (F A ) A∈A , the collection (g n ) n∈N induces the definition of the augmented filtration ( F A ) A∈A :
The filtrations ( F B ) B∈A(u) and ( G * C ) C∈C , given by Equation (1.2), denote the extensions of F on A(u) and C, respectively. As proved by Ivanoff and Merzbach [26] , the augmented filtration is monotone outer-continuous, i.e. F B = ∩ n∈N F Bn for any decreasing sequence (B n ) n∈N in A(u) such that B = ∩ n∈N B n .
In the classic theory of Markov processes, a Feller semigroup P must satisfy the condition P t f → t→0 f . Therefore, to adapt such a property to the C-Markov formalism, one must define a pseudo-norm · C on the class of increments C. For this purpose, let us introduce a few more notations related to C. For any C = A \ B ∈ C, we assume that the numbering
} constructed as follows (we recall that the definition of (U i C ) i≤p is given in the introduction):
, which implies the existence of j > i such that
By induction, we obtain a complete definition of ψ C .
We note that the construction of ψ C implies that ∆X satisfies
The map ψ C leads to the definition of the pseudo-norms C C and x C C :
Finally, for any m ∈ N, let C m denotes the sub-class {C ∈ C : |A C | ≤ m and C ⊆ B m }.
Definition 2.13 (C-Feller transition system). A C-transition system P is said to be Feller if it satisfies the following conditions:
1. for any f ∈ C 0 (E) and for all C ∈ C,
where C 0 (E k ), k ∈ N, denotes the usual space of continuous functions that vanish at infinity; 2. for any f ∈ C 0 (E) and for every m ∈ N,
where, similarly to Definition 2.1, the sets C, C ′ and C ′′ are such that
A C-Markov process X is said to be C-Feller if its C-transition system P is Feller.
The definition of a C-Feller transition system, and particularly Equation (2.15), may seem a bit cumbersome, but in the one-dimensional case and if P is homogeneous, it is equivalent to the usual Feller property lim t→0 sup s≥0 P s+t f − P s f ∞ = 0.
Moreover, in the case of simple increments C ′ = U \ V and C ′′ = ∅, it corresponds to a more common formula: lim
The existence of interesting C-Feller processes which are not homogeneous (e.g. the wellknown multiparameter Brownian sheet) motivates the separation between the homogeneous and Feller hypotheses, at the cost of a more complex definition of the latter (Equation (2.15) ).
Finally, in this section are considered C-Markov processes X which have outer-continuous sample paths, meaning that:
We can now extend a classic result of the theory of Markov processes.
Theorem 2.5 (C-Markov w.r.t the augmented filtration). Let (Ω, F , (F A
A∈A , P) be a complete probability space and X be a C-Feller process w.r.t (F A ) A∈A . In addition, suppose X has outer-continuous sample paths.
Then, X is a C-Markov process with respect to the augmented filtration ( F A ) A∈A , i.e.
for all C = A \ B ∈ C and any measurable function f : E → R + .
Proof. Let C = A \ B be in C, with B = ∪ k j=1 A j . We assume that the numbering of
Then, for all n ∈ N and for every i ∈ {1, . . . , p + 1}, let C n i and D n i denote the following increments,
and
where by convention
As previously said, it is assumed that the numbering is such 
Furthermore, since the sample paths of X are outer-continuous, N ρ can be suppose large enough to satisfy 
Note that for every i ∈ {1, . . . , p}, C 
Thereby, by induction and since
As we observe that for all n ∈ N, G *
, we can eventually prove the C-Markov property with respect to the augmented filtration:
By the dominated convergence theorem,
since X C is G * C -measurable. Before establishing a strong C-Markov property, we recall the definition of a simple stopping set, as presented by Ivanoff and Merzbach [26] . A simple stopping set is an random variable ξ : Ω → A such that for all A ∈ A, {ω : A ⊆ ξ(ω)} ∈ F A . ξ is said to be bounded if there exists V ∈ A such that ξ ⊆ V almost surely. As the assumption Shape holds on the collection A, we can define the σ-algebra of the events prior to ξ:
According to [26] , if X has outer-continuous sample paths, then X ξ is F ξ -measurable. Then, X satisfies a strong C-Markov property:
for any initial measure ν and any measurable function f :
According to Lemma 1.5.4 in [26] , for every n ∈ N, g n (ξ) is a discrete simple stopping set such that ξ ⊂ g n (ξ), ξ = ∩ n g n (ξ) and F ξ ⊆ F gn(ξ) . Hence, F ∈ F gn(ξ) and for any h ∈ C 0 (E),
since X and U → θ U are outer-continuous. Furthermore, g n (ξ) is a discrete stopping set and
Owing to the C-Markov property and the homogeneity of P,
Finally, since P C k h ∈ C 0 (E |AC k | ) and X is outer-continuous, the dominated convergence theorem leads to
A simple induction argument extends the equality to any collection
This last formula proves that
which leads to the expected result, by a monotone class argument.
The outer-continuity of sample paths is an important assumption in Theorems 2.5 and 2.6. In the general set-indexed framework, the question of the regularity of processes is known to be non-trivial, and far more complex than in the multiparameter setting. For instance, Adler [1] has presented indexing collections on which the set-indexed Brownian motion is not continuous (and even not bounded). There exist several approach in the literature to study this question, including the metric entropy theory [1, 2] or more recently, the set-indexed formalism [23] .
The càdlàguity of C-Markov processes is studied in Section 3 within the multiparameter setting.
Applications and examples
To conclude this general study of the C-Markov property, we present several examples of CMarkov processes which are natural extensions of classic one-and multi-parameter processes.
Example 2.1 (Processes with independent increments).
A set-indexed process X has independent increments if for any disjoints sets C 1 , . . . , C k ∈ C, ∆X C1 , . . . , ∆X C k are independent random variables. Or equivalently, if for any C ∈ C, the increment ∆X C is independent of the σ-field G * C . Let P XC denote the law of the increment ∆X C . Then, for all C = A \ B ∈ C and any Γ ∈ E,
Therefore, as we might have expected, set-indexed processes with independent increments satisfy the C-Markov property. As proved by Balan and Ivanoff [5] , they are also set-Markov.
Example 2.2 (Set-indexed Lévy processes).
Set-indexed Lévy processes have been defined and studied by Adler and Feigin [2] , Bass and Pyke [7] in the particular case of subsets of R N , and by Herbin and Merzbach [22] in the general set-indexed formalism. In the latter, a setindexed Lévy process X on a measure space (T , m) is characterized as follows:
2) X has independent increments; 3) X has m-stationary C 0 -increments, i.e. for all V ∈ A and for all increasing sequences (U i ) i≤n and (
4) X is continuous in probability.
According to [22] , for any set-indexed Lévy process X, there exists an infinitely divisible measure µ on (E, E) such that for all C ∈ C, P XC = µ m(C) . Since X has independent increments, it is a C-Markov process with the following C-transition system P,
Conversely, one can easily prove, using the C-Markov property, that a Lévy process can be constructed from any infinitely divisible measure µ. For this purpose, one simply needs to show that P satisfies the three conditions of Definition 2.1.
1)
For any C ∈ C, P C (x C ; dx A ) is clearly a transition probability; 2) As m(∅) = 0, we have P ∅ (x; dy) = δ x (dy);
using the equality m(C) = m(C ′ ) + m(C ′′ ) and the inclusion-exclusion principle. These two equations induce the Chapman-Kolmogorov formula (2.2).
Note that the construction procedure presented by Herbin and Merzbach [22] is completely equivalent to the proof of Theorem 2.2 (in fact more general in the case of Lévy processes since the Shape assumption is not required on the collection A).
One can also check that the C-transition system is homogeneous w.r.t (θ U ) U∈A if and only if the measure m is compatible with the family operators, i.e. ∀U ∈ A, ∀C ∈ C; m(C) = m(θ U (C)).
Furthermore, if the measure m and the Hausdorff metric d H satisfy the following mild condition, 20) then the C-transition system P of a Lévy process is Feller. Indeed, suppose f ∈ C 0 (E) and
Due to the Feller property of one-parameter Lévy processes,
Assumption (2.20), Equation (2.21) and the last equality induce the Feller property:
Note that in the particular case of the set-indexed Brownian motion, P is characterized by the following transition densities
Finally, we observe that Theorem 2.3 extends the Cairoli-Walsh Commutation Theorem (see e.g. in [44] ) to the set-indexed formalism, showing that the Brownian motion history is a commuting filtration.
Example 2.3 (Set-indexed α-stable Ornstein-Uhlenbeck process).
The classic OrnsteinUhlenbeck (OU) process is a well-known stochastic process which has the following integral representation (see e.g. [43] ):
where λ > 0 and M is symmetric α-stable random measure (α ∈ (0, 2]) with Lebesgue control measure.
A set-indexed extension of this process can not be directly deduced from Equation (2.22), Nevertheless, as X is also a Markov process, a C-transition system which generalizes the OU Markov kernel can be introduced.
More precisely, on the space (E, E) = (R, B(R)), a set-indexed α-stable Ornstein-Uhlenbeck process is defined as the C-Markov process with any initial distribution ν and the C-transition system P characterized by
where α ∈ (0, 2], X is a symmetric α-stable variable S α (1, 0, 0), f : E → R + is a measurable function and σ C is defined by
Let us prove that P is a well-defined C-transition system.
1)
For any C ∈ C, P C (x C ; dx A ) is a transition probability;
. Owing to Equation (2.23),
, where the numbering of A C ′′ is assumed to satisfy U
.
Let h : A → R be the deterministic map h(A) = x A e λm(A) . Owing to Equation (2.1), it has an additive extension ∆h on A(u) which satisfies:
Furthermore, using the inclusion-exclusion principle,
Therefore,
Since X and X are two independent SαS variables, we know that
According to the Definition (2.24) of σ C and the inclusion-exclusion principle (2.1), we obtain σ = σ C , therefore proving the Chapman-Kolmogorov equation
Hence, we have shown that such a C-Markov process exists. One can easily verify that it corresponds to the Markov kernel of the usual Ornstein-Uhlenbeck process in the case of the one-parameter indexing collection A = {[0, t] ; t ∈ R + }. The Gaussian particular case α = 2 is studied in more details in [6] . Its kernel P is characterized by the following transition densities
If ν is the Dirac distribution δ x , x ∈ R, then X is Gaussian process such that for all U, V ∈ A
and Cov
Even though the form of the transition probabilities exhibited in Equations (2.23) and (2.24) may not seem very intuitive, Balança and Herbin [6] have adopted a more constructive presentation of the Gaussian Ornstein-Uhlenbeck process which helps to understand our present C-Markov definition. Finally, similarly to the set-indexed Lévy processes, we observe that P is homogeneous when the measure m is compatible with the family of operators (θ U ) U∈A and Feller under the mild condition (2.20).
Example 2.4 (Set-indexed additive Lévy and product processes).
From the previous examples of C-Markov processes, more complex objects can be constructed. Named product and additive Lévy set-indexed processes, they still satisfy the C-Markov property and constitute a generalization of the multiparameter examples presented by Khoshnevisan [28] .
For this purpose, we first need to introduce the idea of product indexing collections, previously mentioned in the Introduction. Given m indexing collections A 1 , . . . , A m on respectively T 1 , . . . , T m , we define the product indexing collection A as follows: We have to prove that I 1 ∩ I 2 = ∅. Suppose on the contrary that I 1 ∩ I 2 = ∅ and set
The existence of (t 1 , t 2 ) is due to the Shape assumption on A 1 and A 2 . Then, let j ∈ {1, . . . , k}.
If j / ∈ I 1 and j / ∈ I 2 , then t 1 / ∈ A 1,j and t 2 / ∈ A 2,j . Moreover, if j ∈ I 1 , then j / ∈ I 2 and thus t 2 / ∈ A 2,j . Similarly, if j ∈ I 2 , then t 1 / ∈ A 1,j . Therefore, (t 1 , t 2 ) ∈ A 1 ×A 2 but (t 1 , t 2 ) / ∈ B, which contradicts the hypothesis A ⊆ B. Hence, I 1 ∩ I 2 = ∅ and A satisfies the Shape assumption.
A class of approximating functions (g n ) n∈N on A can be easily deduced from existing ones on A 1 , . . . , A m . Moreover, any family of filtrations indexed by A 1 , . . . , A m leads to an A-indexed extension defined as follows:
Throughout, for any C = A \ B ∈ C, C 1 , . . . , C m will denote the following increments:
Note that C does not correspond to the direct product of C 1 , . . . , C m .
Based on this construction procedure, we are able to introduce larger and richer classes of C-Markov processes by combining previous examples.
Let us first describe the family of product C-Markov processes. Given m independent CMarkov processes X 1 , . . . , X m , we define the product process X as the direct product of the latter:
Owing to the independence of X 1 , . . . , X m , a monotone class argument shows that X is a C-Markov process. Moreover, its transition probabilities are given by 28) where C i is the increment defined in Equation (2.26) and P i Ci (x Ci ; dx Ai ) denotes the transition probabilities of
A slightly technical calculus also shows that if X 1 , . . . , X m are C-Feller processes, then X is also C-Feller.
Note that, still using the notation introduced in Equation (2.26), any increment of X can be written as ∀C ∈ C; ∆X C = ∆X 1 , m 1 ) , . . . , (ν m , m m ), respectively. Then, X is defined as
(2.29)
Similarly to product processes, increments of X have the following form,
showing in particular that X has independent increments. Its transition probabilities can be obtained as well: 
In this case, we observe that X is the Lévy process characterised by (ν, m α ), where the measure m α is defined as follows:
Conversely, set-indexed Lévy processes are usually not additive processes (e.g. the well-known multiparameter Brownian sheet), since in general, a measure m does not have the form displayed in Equation (2.31).
Multiparameter C-Markov processes
The extension of the one-parameter Markov property to the multiparameter setting has been intensively investigated and a large literature already exists on the subject. Since the set-indexed formalism covers multiparameter processes, it is therefore natural to study more precisely the C-Markov property in this setting. Consequently, in this section, T and A designate R 
Right-continuous modification of C-Feller processes
We begin by extending a classic result of the theory of Markov processes: multiparameter CFeller processes have a right-continuous modification which is C-Markov with respect to the augmented filtration.
In the rest of the section, E ∆ denotes the usual one-point compactification of E, i.e. the set E ∪ {∆} endowed with the following topology:
be a filtration and (P x ) x∈E be a collection of probability measures such that for every x ∈ E, P x (X 0 = x) = 1 and X is a C-Feller process on (Ω,
Proof. Let H = {ϕ n ; n ∈ N} be a countable collection of functions in C + 0 (E) which separate points in E ∆ , i.e., for any x, y ∈ E ∆ , there exists ϕ ∈ H such that ϕ(x) = ϕ(y). For all r ∈ Q N + and any ϕ ∈ H, the process M r is defined as follows:
For every x ∈ E, M r is multiparameter martingale with respect to the natural filtration
using the Chapman-Kolmogorov Equation (2.2).
Owing to Theorem 2.3, the filtration (F
is commuting. Then, as stated by [28] (and originally proved in [3] ), since M r is a bounded multiparameter martingale with respect to a commuting filtration, there exists an event Λ ϕ,r ∈ F such that for every x ∈ E, P x (Λ c ϕ,r ) = 0 and for all ω ∈ Λ ϕ,r , lim
Let Λ denote the event defined by
Since the union is countable, P x (Λ c ) = 0 for every x ∈ E. Let us prove lim s↓t, s∈Q N + X s (ω) exists for all ω ∈ Λ. We proceed by contradiction. Suppose there exist ω ∈ Λ, t ∈ R N + , and two decreasing sequences (s
where the two limits stand in E ∆ .
Let ϕ be a separating function in H such that ε = |ϕ(X
Since the transition system P of X is Feller, Equation (2.16) implies the existence of α > 0 such that
which clearly contradicts the definition of ε. Hence, for all ω ∈ Λ and all t ∈ R N + , lim s↓t, s∈Q N + X s (ω) exists in E ∆ and the process X can be defined as follows:
where x 0 is an arbitrary point in E. This new process X is clearly an E ∆ -valued process with right-continuous sample paths.
Let us now prove X is a modification of X. Let ϕ 1 and ϕ 2 be in C 0 (E). Then, for every x ∈ E and all t ∈ R N + , the dominated convergence theorem and the Feller property induce
A classic monotone class argument extends this equality to any measurable function f : E 2 → R + , and in particular shows that
The process X is clearly adapted to the filtration ( F t ) t∈R N + and using Theorem 2.5, we obtain the C-Markov property with respect to the augmented filtration.
Note that the martingale argument used in the previous proof can not be directly transpose to the set-indexed formalism since there does not exist any result on set-indexed martingales stating the existence of a right-continuous modification (see [26] for more details on the theory of set-indexed martingales).
C-Markov and multiparameter Markov properties
A large literature exists on multiparameter Markov properties, especially in the case of twoparameter processes. It includes the works [33, 36, 37, 12, 13] on the previously mentioned sharp-Markov and germ-Markov properties, but also the literature on Gaussian Markov random fields [40, 31, 11] and strong Markov properties [17, 18, 37, 29] . Different surveys and books [41, 14, 15, 25] have been written on these distinct topics. In the context of this article, we focus on two existing multiparameter properties which can be directly linked up to our work.
To begin with, let us mentioned the two-parameter * -Markov property introduced by Cairoli [9] . A process (X s,t ) s,t is said to be * -Markov if for all s, t ∈ R + , h, k > 0 and any Γ ∈ E,
where G * s,t correspond to the strong history previously introduced (Equation (1.2) ). The * -Markov property has been widely studied and considered in the literature, leading to several interesting results, including a martingale characterization in the Gaussian case [39] , the equivalence of several different definitions [30] , some properties on transition probabilities [34] and the càdlàguity of sample paths [49] . We note that the * -Markov property also appears in the study of a two-parameter Ornstein-Uhlenbeck process [45, 48] .
As stated in the following proposition, it turns out that C-Markov and * -Markov properties are equivalent in the two-parameter formalism. Proof. Let X be a two-parameter C-Markov process, s, t ∈ R + , h, k > 0 and Γ ∈ E. Define the increment
. We observe that X C = (X s,t , X s+h,t , X s,t+k ) and G * s,t = G * C . Hence, the C-Markov property P(X A ∈ Γ | G * C ) = P(X A ∈ Γ | X C ) corresponds to * -Markov's definition (Equation (3.2) ). Conversely, let X be a * -Markov process and C = A \ B be an increment where
. Without any loss of generality, we can assume that s 1 < s 2 < . . . < s n . Since we consider an extremal representation of B, it must also satisfy t 1 > t 2 > . . . > t n . Therefore, A C has the following form
The conditional expectation w.r.t. to such a collection of random variables X C has already been considered in the work of Korezlioglu, Lefort and Mazziotto [30] , and the C-Markov property is therefore a direct consequence of Theorem 3.7 obtained in the latter. Proposition 3.1 shows that the C-Markov property offers an elegant way to extend the twoparameter * -Markov property to multiparameter processes, and more largely, to set-indexed processes.
Moreover, the set-indexed formalism allows to simplify notations and concepts compared to the * -Markov framework. Indeed, as stated in [34, 49] , the concept of * -transition function (P 1 , P 2 , P ) has been introduced to characterize the law of * -Markov process. The corresponding notion of C-transition system P replaces the triplet (P 1 , P 2 , P ), and reduces the different consistency hypotheses on (P 1 , P 2 , P ) to the single Chapman-Kolmogorov Equation (2.2). We also note that Theorem 3.1 extends the regularity result obtained by Zhou and Zhou [49] on two-parameter * -Markov processes.
A second interesting Markov property is the multiparameter Markov property presented by Khoshnevisan [28] and widely studied in the literature (see e.g. [24, 35, 47, 28] ).
An E ∆ valued process X = {X t ; t ∈ R N + } is said to be a multiparameter Markov process if there exists a filtration (F t ) t∈R N + and a family of operators T = {T t ; t ∈ R N + } such that for every x ∈ E, there exists a probability measure P x which satisfies (i) X is adapted to (F t 
(ii) t → X t is right-continuous P x -a.s.; (iii) for all t ∈ R N + , F t is P x -complete; moreover, (F t ) t∈R N + is a commuting filtration, i.e. for all s, t ∈ R N + and for any bounded F t -measurable random variable Y ,
(iv) for all s, t ∈ R N + and for any f ∈ C 0 (E),
Furthermore, X is said to be a Feller process if since X is C-Markov = P [0,t]\{0} f (X s ) since P is homogeneous := T t f (X s );
(v) for all x ∈ R, P x (X 0 = x) = 1.
Finally, the Feller conditions on T are easily verified using Equation (2.16) and Definition 2.13 of a Feller C-transition system.
As stated by Khoshnevisan [28] , the family of operators T characterizes the two-dimensional marginals of X, but it is still unknown whether it determines entirely the law of X. Proposition 3.2 partially answers this question since when X is also C-Markov, we know that the larger family P of transition probabilities completely characterizes the finite-dimensional distributions of X.
Since it is not known whether the multiparameter Markov property gives a complete picture of the law of a process X, it is not possible to obtain a general result which would state that multiparameter Markov processes are also C-Markov. Nevertheless, we show in the next examples that usual multiparameter Markov processes investigated in the literature are also C-Markov.
Example 3.1 (Additive Lévy and product processes). As observed by Khoshnevisan [28] , multiparameter additive Lévy and product processes constitute interesting and rich collections of multiparameter Markov processes. Their generic set-indexed form has already been described in Example 2.4, Section 2.5. Hence, we only make a few remarks specific to the multiparameter setting.
The general C-Markov characterization of product processes (Equation (2.28)) stands as well for multiparameter product processes. Hence, let us simply illustrate this class by a twoparameter process named the bi-Brownian motion and defined as where B 1 and B 2 are two independent R d -valued Brownian motion. Owing to Equation (2.28), the Markov kernel of Y is characterized by the following transition densities, for all C ∈ C,
where λ 1 denotes the Lebesgue measure on R and C 1 , C 2 are the increments defined in Equation (2.26). The family of transition operators T can be easily retrieve from this last equality.
The common definition of an additive Lévy process is usually slightly more restrictive than Equation (2.29), as it usually refers to a process X = {X t ; t ∈ R N + } defined as follows:
where t = (t 1 , . . . , t N ) and X 1 , . . . , X N are N independent one-parameter Lévy processes. The form of its transition probabilities still corresponds to Equation (2.30), where every measure m i , 1 ≤ i ≤ N , is nevertheless replaced by the Lebesgue measure λ 1 on R. As previously noted, this class is far from containing all multiparameter Lévy processes, since for instance, the Brownian sheet is not an additive process. where σ > 0, α = (α 1 , . . . , α N ) ∈ R N with α i > 0, W is the Brownian sheet and X 0 is a random variable independent of W . As previously outlined in Example 2.3, X satisfies the C-Markov property.
A different, but also natural, multiparameter extension of the Ornstein-Uhlenbeck process has been suggested in the literature (e.g. see [45, 46] and [19] As proved by Wang [46] , the two-parameter process Y is * -Markov. A calculus similar to Proposition 2.5 from [6] shows that it is also a multiparameter C-Markov process. Moreover, suppose P and P denote the C-transition systems of X and Y , respectively. Then, theses two are related by the following equality:
for all C ∈ C s.t. C ⊆ S; P C (x C ; dx A ) for all C ∈ C s.t. C ∩ S = ∅, where S denotes the set {t ∈ R N + :
